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ALGEBRAS OF ITERATED PATH INTEGRALS
AND FUNDAMENTAL GROUPS(Y)

BY
KUO-TSAI CHEN

Abstract. A method of iterated integration along paths is used to extend deRham
cohomology theory to a homotopy theory on the fundamental group level. For
every connected C* manifold ™ with a base point p, we construct an algebra
= =n1(M, p) consisting of iterated integrals, whose value along each loop at p
depends only on the homotopy class of the loop. Thus #! can be taken as a com-
mutative algebra of functions on the fundamental group =,(9t), whose multiplication
induces a comultiplication n! — #* ® #!, which makes =* a Hopf algebra. The
algebra = relates the fundamental group to analysis of the manifold, and we obtain
some analytical conditions which are sufficient to make the fundamental group
nonabelian or nonsolvable. We also show that #* depends essentially only on the
differentiable homotopy type of the manifold.

The second half of the paper is devoted to the study of structures of algebras of
iterated path integrals. We prove that such algebras can be constructed algebraically
from the following data: (a) the commutative algebra 4 of C® functions on M;
(b) the A-module M of C* 1-forms on M; (c) the usual differentiation d: 4 — M;
and (d) the evaluation map at the base point p, e: 4 — K, K being the real (or com-
plex) number field.

A path «:[0,1]—> M will be understood to be piecewise smooth. For
W, wy, Wo, -+ € M, let fa w be the usual integral, and define, for r>1,

L Wy, = f: ( f ‘ wl---w,_l)w,(a(t), ot)) ar,

where o denotes the restriction «|[0, ¢].

Such iterated path integrals can be taken as functions on a space of paths. The
integral f wy - - -w,, taken to be a K-valued function on the set of paths (resp. loops)
from the base point p, will be written as [, - - - w, (resp. §, w; - - -w;). The totality
of such path integrals [, w, - - - w, (resp. §, w; - - -w;), r 2 1, together with the constant
function 1 generate an algebra P (resp. Q). Actually Q is a Hopf algebra with a
comultiplication {g: @ — @ ® Q reflecting the multiplication of loops.

Those elements of @, whose value on each loop depends only on its homotopy
class, form a Hopf subalgebra = of Q. Evidently #* consists of K-valued functions
on the fundamental group =, (M).
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After presenting preliminary material in §§1-2, we construct the Hopf algebra
«' and investigate its structure. A good number of elements of = can be obtained
by using modified Massey products of closed 1-forms. The following results will
be given in §3:

(i) Let H(M) be the deRham cohomology of M, and let b,=dim, H'(M). If
b,>1 and b,=0, then 7,(M) is not solvable.

(ii) If there exist two closed 1-forms w and w’ on M with the exterior product
w A w’'=0 and if their cohomology classes are linearly independent in H(t), then
(M) is not solvable.

(iii) As a consequence of (ii), if 9 is a compact connected Kéhler manifold and
if 61> b%°+1, where b™*=dim H™5(IM), then 7,(M) is not solvable.

(iv) Let Fr#! denote the subspace of #! consisting of those elements which are
linear combinations of path integrals that are iterated no more than r times. Then
there is an exact sequence

0—s (Fiml)? A F2rt - Pt — s HY(TR) Ap HYR) s HA)

where A is the cup product.

(v) As a consequence, if (F'w')? does not contain F2z', then (M) is not
abelian.

In §4, we determine the algebraic structure of the algebras P and Q. As a matter
of fact, the algebra P=P(A) and the Hopf algebra Q= Q(4) can be defined for an
arbitrary commutative algebra 4 equipped with a derivation and an augmentation.

In §5, we relate this work to previous works of algebraic nature [7]-[10] by briefly
mentioning functorial characterizations of P and Q and the construction of a Hopf
algebra ='(A).

As far as the author knows, iterated path integration on manifolds has been
systematically investigated by only a few. H. H. Johnson has considered iterated
path integrals in connection with prolongations [12]. A. N. Parsin’s work [16] is a
study of iterated path integrals on Riemann surfaces. In the author’s earlier works
[1]-[5], iterated path integrals are studied mostly from a group and Lie theoretical
point of view.

All functions and forms on the manifold M will be understood to be C*.

All vector spaces and algebras will be over the ground field K. The word *“mor-
phism” will be used instead of ‘“homomorphism”. Every algebra is assumed to
possess 1, and every morphism of algebras preserves 1.

1. Paths and integrals.

1.1. We shall not distinguish two paths which differ only by a reparametrization.
The product of is defined to be the path « followed by 8, and the inverse y=a~* of
o is given by y(2)=o(l —1).

Denote by G the semigroup of loops at the base point p.
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1.2. Two paths are said to be elementarily equivalent if one can be written in the
form «fB 1y and the other in the form «y. (Either « or vy is allowed to be the empty
path.) If «,, . . ., o, is a finite sequence of paths such that ; and «;, , are elementarily
equivalent, i=1, ..., r—1, then we say that «; and «, are equivalent. Denote by &
the equivalence class of «. Define @8=ef. Then

Denote by G the group of equivalence classes of loops at p.

1.3. By a piecewise regular path, we mean a path with nonvanishing tangent
vectors. A reduced path is defined to be a piecewise regular path that is not of the
type BB~ 'y. We shall include the empty path as a reduced path, and any piecewise
regular path of the type yy~! will be taken to be equivalent to the empty path.

1.4. The value of an iterated path integral f « W1+ -w, does not depend on the
parametrization of « and, as a matter of fact, depends only on the equivalence class
&. (See [4, (2.1)~(2.3)].) The following lemma was proved in [4]:

If « is a nonempty reduced (piecewise regular) path, then there exist 1-forms
Wy, . .., Wy such that

f Wl"‘wf # 0.

As a consequence, it was also proved that every piecewise regular path is equiv-
alent to one and only one reduced path.

The next theorem provides an answer to the question how well iterated path
integrals separate paths.

THEOREM. Two piecewise regular paths « and B are equivalent if and only if
fo w1 wy=Jgwi---w, for any 1-forms w, ..., w,rz1.

Proof. It remains to show the sufficiency part of the theorem. We may assume
that fa wy- - -w,#0 for some wy, ..., w,. Otherwise both « and 8 are equivalent to
the empty reduced path, and the theorem holds. Given a function f on 3¢, we obtain
from (1.5.2)

[ s, = @) [ st [ o

An analogous formula also holds for 8. It follows that f(«(0))=/(8(0)), which
means «(0)=p(0).

The path 8~ 1« is now piecewise regular. Using (1.6.1) and (1.6.2), verify that
every iterated path integral vanishes along 8~ '«, which implies that 8~ '« is equiv-
alent to the empty path. Hence o and B are equivalent.

1.5. Let « be a path initiating from p. Iterated path integrals possess the following
formal properties:

(151) f W1"'er Wrprt s Wrys = ZJ Woi* *Wor+s)
a 4 g Ja
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summing over all (r, s)-shuffles, i.e. permutations o of r+s letters with
o ll<--- <o rand o (r+1)<--- <o~ Yr+s).
If fis a function, then

f Wl"'wr(fw)wr+1"'wr+s =f(p)f Wi WiWWp g Wy
« «

+f (ftwl" 'er“df)wwr+1"'Wr+s-

The formula (1.5.2) follows from the fact that f(a(t))=f(p) + [, df. The formula
(1.5.1) was observed by Ree [17]. Its verification can be illustrated by the following

particular cases:

[ wa- f: [(] s watator, scn+ ([, wa)wsteto, a(0) | dt

= f (Wiwa+wawy);
' 4

[ [ wams =[] s [, wa)wstato), aon ([, wams)wutatoy, o] a

= f (WyWaWs + Wawi Wa + Wawsw,y);
(/4

(1.5.2)

f WiWg f WagWy =+ = f (Wi WaWaWy + WiWaWaW, + WiWaWaWa + WaWi WoW,
a a a
+ wagw,wawa + W3W4W1WQ).

1.6. The next two formulas relate iterated path integrals to the multiplication
and the inverse of paths.

(1.6.1) f Wy oW, = f wl---w,+~-+f wl---w,f w,+1---w,+f Wi Wy
aB a « B B

(16.2) [ = 1y [

A verification of (1.6.1) was given in [3]. For (1.6.2), sety=c«~*and ey, =c|[1 —¢, 1].
Then y*=(e) . It suffices to show that by induction on r

(= 1y(d/dr) J; Wy Wy = (dfdr) L P~
In fact, the left-hand side is equal to
—(=1y (L Wy -w,_l)w,(a(l—t), a1 -1))
- (f w,_l-nwl)w,(a(l—t), a1 —1),
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while the right-hand side is equal to
1 8y S, _1
@an [ [ [ et 6o ot o) doy -
= ([ woer o tatt =), a1y,
o

2. The filtration of algebras of path integrals.

2.1. Denote by T(M)=T°(M)+T*(M)+ - - - the tensor algebra of M over K,
where T"(M) is the r-fold tensor product of M which is the vector space of C®
1-forms. For simplicity, we shall write

Wi Wy =wy @+ Q w, e T(M), rz1.
Set wy- - -w,=1 when r=0.

If the tensor multiplication of T(M) is replaced by the shuffle multiplication o
which is given by

Wit Wy o Wpgps " Wryy = Z Wo1®* *Wor+s)
o

summing over all (r, s)-shuffles o, we obtain from 7T(M) a commutative algebra
Sh (M), which will be called the shuffle algebra of M.
2.2. There is a surjective linear map

f:Sh(M)—»P
14
given by 1 — 1 and, for r1,

wl"'erf Wi W,
»

It follows from (1.5.1) that the linear map [, is a morphism of algebras.
Denote by 4: A — K the evaluation map at p so that e, f=f(p). The formula
(1.5.2) implies that the kernel of |, contains the ideal I generated by all elements of

the type
Wi w(fWwyyq- - 'Wr+s"(8Af)w1' CWWWr gt Wrgs

@.2.1)
_(wl' ccWpo df)wwr+1' cWris

for r=0, s=0. (Such elements not only generéte the ideal 7 but also span I as a

vector space. See [7].)
Define P to be the quotient algebra Sh (M)/I. Then there is a canonical sur-

jection P — P,
2.3. Similarly there is a surjective morphism of algebras

£:Sh(M)—>Q.
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Since §,df=0, the kernel of §, will not only contain the ideal I but also
dA<=T*(M)<Sh (M). Denote by (dA) the ideal generated by d4 in Sh (M). Let
Q be the quotient algebra Sh (M)/(I+(dA)). Then Q can be also taken as a quotient
algebra of P, and there is a canonical morphism of algebras Q — Q.

The construction of P and Q is described in detail in [7], where they are respec-

tively denoted by Sh (d, p) and Shc (4, p).
We shall keep on using o to denote the respective multiplications in P and Q.

2.4, The shuffle algebra Sh (M) has an ascending filtration by F™ Sh (M)
=T°(M)+---+T"(M), r=0. Denote by F'P (resp. F'P, F'Q, F'Q) the image of
F7 Sh (M) under the canonical morphism. Thus the algebras P, P, Q and Q are
filtered. Observe that F'P or F'Q consists of linear combinations of path integrals

which are iterated not more than r times.
2.5. Given a path «, the path integral [, u is now defined for every element u of

Sh (M) with [, 1=1. Write {u, &)=, u.

Let e=¢gnuy: Sh (M) — K be the morphism of algebras given by w, - - -w, — 0,
rz1, i.e. eu=<u, e) where e is the constant path at p.

DEFINITION. A path « is said to be at least of order r if (u,«)=eu,
Yue F'~* Sh (M), rz 1. Every path is at least of order 1. If a path is at least of

order 2, then it is a loop.
Denote by F,G the set of loops at p which are at least of order r. Let F,G be the

set of equivalence classes &, Vo € F,G.
Observe that a path o is at least of order r if and only if <{u, «)>=0,

VYue Fr=* Sh (M) N Ker e.

LeMMA. Let «€ F,G, and let B be a path from p at least of order s. If
ue Fr*s-1 Sh (M) N Ker ¢, then

<u, oSy = <u, ay+<u, B.

Proof. If u=w,---w, I<r+s, it follows from (1.6.1) that <u, of)=<u, «)
+<u, B). Q.E.D.
COROLLARY. If a € F,G and u € F?"~* Sh (M) N Ker &, then

@2.5.1) Quy ey = —u, od.

It follows from the above lemma that F,G (resp. F,G) is a subgroup (resp. sub-
semigroup) of G (resp. G).
2.6. For o, 8 € G, define [«, B]=0ofa"18"1.

LEMMA. If a € F,G and B € F,G, then [c, Bl € F,, G and
<w1 ce Wrgs [“’ B])

= <w1' c W, c‘><Wr+1° Wris B>_<w1° c W B><ws+1' C Wy @)
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Proof. Set /=r+s. Observe first that

@) Sosisr Wi W, 0> {Wipye - oWy, @~ 1) =0;

(b) <wy- -+ wy, @ap{ Wi,y - wy, B71> =0 when i#r;

(©) (wy---wy, BO<Wy 41+ Wy, @~ 1> =0 when i#s.

Using the above formulas as well as 2.5, we have

Wy eowy o, B = D (wye e oWy, e Wiy owy, a8

05ISI
=Wy Wy 0+ Wy Wy )Wyt oWy, B Wy oWy, B
+oe (KW oWy )+ Wy s wy, B))
X(Wiprs o wy, @D +wiyge e owy, B71))
Foeed W w, @D Wy Wy @ W oWy, B
+<W1' Wy B'1>
=Wy - Wy, a><wr+1' s Wy, /3>—<W1' +cWs,y B><ws+1' CeWy, @),

If I<r+s, the same computation as above will lead to <w;, - - -wj, [«, B]>=0.
PROPOSITION. F,G is a normal subgroup of G, and
[FrG, FsG] < Fr+sG-

Proof. It remains to show that, if « € F,G and B € G, then Bef~* € F,G. In fact,
for ue F'=* Sh (M) N Ker ¢, we have
<u, Baﬁ_1> = <u’ [ﬂ’ a]a> = {u, [B, a]>+<u3 a> =0.
REMARK. The group G has now a descending filtration by normal subgroups
G=FG>F,G>---.

3. Hopf algebra =*.

3.1. DEFINITION. An element fp u € P is said to be independent of paths, if, for
every path « from p, [, u depends only on the homotopy class of the path. The
totality of such elements forms a subalgebra I' of P. Similarly define elements
$, u € Q that are independent of loops, and denote by #* =='(R, p) the subalgebra
of Q consisting of all such elements.

There is a canonical morphism of algebras I' — #! given by _[p ur>§,u and
containing all |, df in the kernel.

If wis a closed 1-form, obviously | , wis independent of paths. The next procedure
gives us further elements of I'.

Let wy, ..., w,, r22, be closed 1-forms. By an extended defining system for
a Massey product of wi,...,w, we mean a family of 1-forms wj,, wag,. ..,
Wr_1r; Wigs, Wasss - - -» Wr_2 =115 - -3 Wia., SUch that

w; A W2+dwlz = 0, ey Wrg A w,+dw,._1 r = 0;
(3.1.1) W1 A Woz+Wwis A W3+dW123 = 0, ooy eeey
Wi A Wo r+Wig A W - +Wi o1 A wetdwy =0,

(See [13], [14].)
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We define the following elements of Sh (M): uy=wy, tyo=uw; +wyo, ..., Uy .
=Uy . g-aWrt Uy s—oWro1 oWy
Note that f, u; ,=[, w,---w, mod F'-P.

THEOREM. |, .., is independent of paths.

Proof. We use induction on r. The case of r=1 is clear. For 1 <s<r, the integral
{, us is independent of paths and lifts to a function f: on the universal covering
manifold M with fy(5)=0. Moreover

dfy = fooiWotfooaWe_1st oo + Wy
It remains to show that the 1-form
W= fr Wt fraWe_art o Wy,
is closed on 9. In fact
aw =df,_y A Wotdfy_a A Wy_y e +dfy A Wy,
+fea@F gt -+ fy AWy e+ dy
=dfy_y AWt +dfi A Wo —FroaWey AW,

- _(wl...r—l A Wr'l' o +W1 A Wz...r)

= (dﬂ-l—ﬂ—zqu— cee =Wy go1) AWy
+oH(dfi—Wy) A Wy,
=0. Q.E.D.

COROLLARY. If wy,..., w, are closed 1-forms such that wy Awys=wyAwg=-- -
=W,_1 Aw,=0, then [, w,- - -w, is independent of paths.

Proof. Set Wig=Wgoz=""" =w1...f=0'

COROLLARY. Assume that H¥(MM)=O0. If wy, ..., w, are closed 1-forms, whose
cohomology classes are such that Wy, A Wy=Wy AWg="-- =Ww,_; AW,=0, then there
exists [, u € P such that |, u is independent of paths and

fu=f wi--+w, mod F"~P,
P 4

Proof. We only need to solve the equations (3.1.1) stepwise for wyq, ..., wy_1,;
..oy Wyp. Since wy Aw,, ..., w,_1 Aw, are closed 2-forms, they are also exact.
Thus ws, . . ., Wy,_1, can be found. Observe that

d(w1 A WQ3+w12 A W3) = Wl A WQ A W3—'w1 A wZ A W3 = 0.

Thus w, 43 exists, and so on.
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3.2. THEOREM. The fundamental group =,(3R) is not solvable if one of the following
two conditions holds:

(a) H¥(M)=0 and b, =dimx H'(M)> 1.

(b) There exist two closed 1-forms w and w' on R such that w Aw'=0 and w and
w' are linearly independent in H(I).

Proof. In the case (a), choose two closed 1-forms w and w' such that # and w’
are linearly independent in H(M). In both cases, we may assume that there exist
«, B € G such that

Wy =W, =1 w,p =<W,e) =0.
Write [Bael]=[B, «l, ..., [Be']=[[Bo" "], &, . ... Set
71 = [Be'], 72 = [y1, [B?]],
s = [va, [[B®], [Be]]],
vs = [vs, [[[Be®], [Bo°]], [[Be7], [Be®11],

Our aim is to show that none of these y;, y,, . . . is null homotopic so that the group
(M) is not solvable.
Write w'=w- - -w (r times) and, for m<n,

Upn = WWIWWmHo o'y,
Using 2.6, we verify by induction on r that
w'w', [B’]) = 1.
Let v=w;- - -w,,, such that each w, is either w or w’. If w’ occur more than once,

then
v, [B'])> = 0.

Use the above comments and 2.6 to verify that
<012’ 72> = <wlw’ [Ba1]><W’W2, [ﬂa2]> = 1,
{14, ¥3) = V13, Y2) {Vss, [[B®], [Be?]]> = 1,

According to the corollaries in 3.1, there exists L, U, € P which is independent
of paths such that

f Upp = f Upn mod F'-1P
r P

where I=4(m+n+2)(n—m+1) is the “length” of v,,, e.g. j'p 3=, v, mod F*P,
Jp w14=[, v14 mod F3P. Hence

Sy, y2) = {V1a, ¥2) = 1,
<u14’ 73> = 1: 0ty

and yg, vs, . . . are not null homotopic.
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We may conclude from this theorem that the fundamental group of any closed
Riemann surface of genus > 1 is not solvable and that the group of any link having
two or more components in R? is not solvable.

If M is a compact connected Kihlerian manifold, let b**?=dim H *'%2M), which
is the dimension of the space of holomorphic (p +¢)-forms of type (p, ). Then the
condition (b) of the theorem will be satisfied when b*° is large compared with 5%-°,
The inequality in the next assertion may not be the best possible but serves as an
illustration.

COROLLARY. If M is a compact connected Kdhlerian manifold and if b*-° > b*°+1,
then w (M) is not solvable.

Proof. Let wy,..., w, be linearly independent holomorphic 1-forms, where
m=>b'° Then the holomorphic 2-forms w;, A wy, wy Awg, ..., w; AW, must be
linearly dependent, and w, A w=0 for some nonzero holomorphic 1-form.

3.3. The next assertion can be proved in the same manner as Theorem 3.1, in the
case of r=2.

PROPOSITION. If wy, wi, i=1, ..., r, are closed 1-forms and if w is a 1-form of the
differentiable manifold M such that 3 w;Awi+dw=0, then [, 3 ww+[,w is
independent of paths.

Starting from the next section, we are going to investigate the structure of ='.
Note that #! is an algebra of K-valued functions on (). It is clear that
dimg #' <the order of =;(M) and that =! is a subspace of the dual space of the
group algebra Km,(M).

In order to see that the algebra = arises from some kind of dualization of the
fundamental group, we must introduce in #! a Hopf algebra structure and view
Km,(3M) as a Hopf algebra. Then there will be a natural pairing of the two Hopf
algebras, and the comultiplication of = dualizes the multiplication of (k).

It should be pointed out that there is no loss in replacing a group by its group
algebra taken as a Hopf algebra. The group may be retrieved from the group
algebra through its Hopf algebra structure.

3.4. Recall that a Hopf algebra H is an algebra equipped with an augmentation
(i.e. counit) ¢y: H— K and a comultiplication {y: H— H ® H satisfying the
following conditions:

(a) {y is a morphism of algebras.

(b) Ly is coassociative, i.e. ({4 ® 1x)lu=1y ® {x)ly.

(¢) Iy is counitary, i.e. (e ® 1p)y=(1y  ex)ly=14.

The multiplication of H will be denoted by uy: H ® H— H, and the canonical
morphism of algebras 5 : K— H is known as the unit of H. An antipode of a Hopf
algebra H is a linear map j;: H — H such that

pa(ly ® ju)ln = muen = pa(ju @ 14)ly.
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If the multiplication (resp. comultiplication) of a Hopf algebra is commutative,
then the Hopf algebra is said to be commutative (resp. cocommutative). For a
commutative or cocommutative Hopf algebra, the antipode is unique if it exists.

The group algebra KG is a cocommutative Hopf algebra, whose comultiplication
is given by @ — & ® &, V& € G. The antipode of KG is given by @ +—> a1

If M’ is a vector space, then the tensor algebra T'(M’) is a cocommutative Hopf
algebra, whose comultiplication is the diagonal map T(M') - T(M') ® T(M")

givenby x —>x ® 1 + 1 ® x, Vx € M'. The antipode of T(M’) is given by
Xyt X > (= D)x,e - - X, Vxy,...,x, €M, r=1.

A pairing of two Hopf algebras H and H’ is a bilinear map H x H' — K which
sends (h, ') to an element <k, ') in K such that Vh, hy, hoe H, k', hy, hoe H'
and ce K,

(3.4.1) <hihg, By =<hy ® hg, Lk,

(3.4.2) <h, hih3)=<{Lyh, b} Q h3),

(3.4.3) {yuc, K'Yy =cey ',

(3.4.4) <h, nyc>=ceyh.

Since Hopf algebras considered in this paper will be equipped with antipodes,
we further demand that

(3.4.5) Juhs B> = <h, juh'>.
3.5. Apairing Hx H' — Kis said to be left nondegenerate if (b, #'>=0, Yh’' € H’,

implies £=0. In this case, the induced pairing H @ Hx H' ® H' — K is also left
nondegenerate. We mention the next assertion.

LemMA. Let H' be a Hopf algebra, and H, an algebra equipped with linear maps
eyt H—> K, {y: H— H @ H and jy: H— H. If there exists a left nondegenerate
pairing Hx H' — K such that (3.4.1)~(3.4.5) hold, then H is a Hopf algebra, and j,
is an antipode of H.

Motivated by (1.5.3), we equip the shuffle algebra Sh (M) with the linear maps
Lsnany: Sh (M) — Sh (M) ® Sh (M) and jgnan: Sh (M) — Sh (M) respectively
given by

Wi W, > Z Wy oW ® Wier: W,
0sisr

and wy- - w, > (=D'w,---wy, YWy, ..., w, e M.

Choose a basis of M and construct a vector space M’ and a left nondegenerate
pairing M x M’ — K such that M’ has a basis dual to that of M. The induced
pairing

Sh(M)xT(M')—~ K
is given by <w,- - -w,, x;- - -x,>=0 when r+s and

<W1' oWy Xpee 'xr> = <W1, x1>’ : '<W,, xr>
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and is left nondegenerate. Verify that (3.4.1)(3.4.5) hold. Therefore Sh (M) is a
Hopf algebra having an antipode.

3.6. There is a pairing Sh (M) x KG — K given by <wy---w,, &>=[, wy- - -w,.
The formulas (3.4.1), (3.4.2) and (3.4.5) follow respectively from (1.5.1), (1.6.1) and
(1.6.2), while (3.4.3) and (3.4.4) hold trivially for this pairing. Therefore this is a
pairing of Hopf algebras.

There is a left nondegenerate pairing

3.6.1) OxKG—K
given by <{§, u, @ =<u, o), Yu € Sh (M). Thus the induced pairing
(3.6.2) 0 Q® 0OxKG R KG—K

is also left nondegenerate.
Define the augmentation eg: @ — K by

€0 § U = egnonl,
P

which is equal to §, u evaluated along the constant loop e.
Define {o: @ > Q ® Q by

Cof Wys: Wy = Z § W1"'Wt®§ Wig1® Wy
» 0sizr Jr »

Then, V¢, B e G,
(iofwaony = (§ uty

The left nondegeneracy of the pairing (3.6.2) makes {g a well-defined linear map.
A similar argument makes a well-defined linear map out of jo: Q — Q given by

f wl---w,»—>(—1)'§ Wy -+ Wy,
14 b 4

Now verify that (3.4.1)-(3.4.5) hold for the pairing (3.6.1). Hence we reach the
next conclusion.

PROPOSITION. With the augmentation g, the comultiplication {g and the antipode
Jjo, Q is a Hopf algebra.

RemARK. The filtration F of Q is consistent with the multiplication and the
comultiplication of @, and Q is therefore a filtered Hopf algebra.

3.7. LeMMA. Let p: H' — H; be a morphism of Hopf algebras. If Hx H' — K
is a left nondegenerate pairing of Hopf algebras, then H,=(Ker p)* is a Hopf sub-
algebra of H.
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Proof. Write N=Ker p. Observe that H, ® H, is precisely (N ® H'+ H’' ® N)*
with respect to the left nondegenerate pairing H @ Hx H' @ H' — K. We use
(3.4.1) and (3.4.2) and the left nondegeneracy of the involved pairings to show that
H, is closed under the multiplication and the comultiplication of H. Q.E.D.

3.8. Denote by G, the subsemigroup of G of null homotopic loops at p. Denote
by G, the normal subgroup of G consisting of all &, « € G,. Then G/G, is the
fundamental group = (M)=m (M, p). For « € G, the corresponding element of
m (M) will be denoted by é.

DEerINITION. Denote by #' ==(3R, p) the subalgebra of Q consisting of all §, u
such that the value of §, u along each loop « at p depends only on & € =, ().

Observe that «* is the subalgebra of Q consisting of elements that vanish on G,.
It is clear that jom! <!,

THEOREM. = is a Hopf subalgebra of Q with antipode.

Proof. Let N denote the kernel of the morphism of Hopfalgebras p: KG — K ().
Then N is spanned by elements of the type a-f such that the loops « and B are homo-
topic. We have »! = N* with respect to the pairing (3.6.1). It follows from Lemma
3.7 that = is a Hopf algebra. Q.E.D.

3.9. We are going to treat the question of change of base point. Let y be a path
from the base point p to a new base point ¢. Define a morphism of Hopf algebras

r*: Q(M, p) > Q(M, q)

by the formula <{y* ¢, u, B)=<$, u, yBy~'> for any loop B at q. The fact that
y* §, u belongs to Q(M, g) follows from the next formula, which is a consequence
of (1.6.1).

f -lwl...wr= Z "‘wl...wlf wi+1"'wjf_1wj+1"'wr~
b7:24 0sisjsr Jy B ¥

Since (y~1)*=y*~1, y* is an isomorphism. It can be verified that y* preserves the
antipode and sends #1(M, p) bijectively onto =*(M, ¢q). Let

y**: 7'M, p) & 7H(M, q)
be the restriction of y*.
3.10. We may take both @ and #! as covariant functors from the category of

pointed C* manifolds to that of commutative Hopf algebras. The next assertion
can be verified in a routine fashion.

PROPOSITION. If ¢;: I’ — I, i=0, 1, are two homotopic C* maps, then
‘”1(‘750) = 77'1(951)’)’**
where y is a path from ¢,p’ to ¢, p’, p’ being the base point of W'.

This assertion implies that, if M is compact, then =, up to an isomorphism,
depends only on the homotopy type of M. It will be interesting to know whether
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«! can be actually constructed from (M) as a group without reference to the
manifold. In other words, is #! indeed a contravariant functor from the category
of groups to the category of commutative Hopf algebras?

3.11. The Hopf algebra =* is filtered by

Fral = FFQ Nl r=0,1,....

Clearly Fox'=K, and F'=! consists of all c+¢§, w, where c € K and w is a closed
1-form. Therefore there is an exact sequence

0 — Fo7r! — Flz!' — HY(M) — 0.

PROPOSITION. An element of F2Q belongs to =* if and only if the element can be

written in the form
§ (z wwi+w+c)
b4

such that w, and w; are closed 1-forms, and
Z w; A wi+dw = 0.

Proof. The sufficiency is implied by Proposition 3.3. The vector space of 1-forms
can be written as a direct sum M, @ M,, where M, is the subspace of exact 1-forms.
If we M,, then

ﬁ ww' = 3€ @w = 35 fW'—f(p)fﬁ W e F1Q
and

ﬁw’w = —ﬁ(df)w’eFlQ.

It follows that every element of F2s' can be written in the form §, u, u
=Y ww;+w+c, such that w;, w; € M. The coproduct

{Q§u=§u®l+2f w,®§w{+l®§u
14 r 14 b4 14

belongs to 7! ® #* so that
Zf w; ®§ wient @ 7t
P P

This means that the element > w; ® w] can be written in the form such that w, and
w; are closed.

Let % be the universal covering space of M with a base point § which projects
to p. Then |, w lifts to a function £, on 9%, and w, w;, w; lift respectively to 1-forms
W, W;, W, on 9. Since $, u € n*, the 1-form 3 f;i¥}+ W must be closed so that

d(Zﬁw,+w) = Z Wi A Wi+dw =

Hence > w; A wi+dw=0.
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3.12. If w is a closed 1-form, denote by W its cohomology class in H(IM).
Denote by H' (M) Ay H'(M) the alternating product over K. We may regard
H' (M) A HY(IM) as a vector space of K-valued functions on the Cartesian product
G x G such that, if «, 8 € G and > w; Ax w; € HY(IN) Ax HY(M), then

(2 Ak W), B) = 2, (Wi, ep iy B> — <y @<y, B
Let u=> wyw;+w+c where w,, w; are closed. Define
v: F2rt — HY(M) Ay HY(M)

by §,u— > W, Ag w;. Then, Ve, B € G, we have

G.12.1) S % Ax W)@ B) = j ",

[, 8]

Consequently v is well defined.

THEOREM. There is an exact sequence

0 —> (Fia o Fiad) A Fort -5 Fort Yy HY(IR) Ap HYW) —s HAM)
where A is the cup product.

Proof. The exactness at H(M) Ax HY(IM) is an immediate consequence of 3.11.
It remains to show the exactness at F2x. It is clear that (F'#! o Flz') N F27' is
contained in Ker ». We are going to show the inclusion in the other direction.

Let §, u € Ker v such that u=3 w;w;+w+c. We may assume that ¢=0. Accord-
ing to 3.11, w, and w; can be taken to closed 1-forms, and w;, w; € M. The fact that
2 W; A w;=0 implies that > w,w; is a linear combination of elements of the type
w'w’+w'w”. Therefore §, > wyw; is a linear combination of elements of the type
$, w o, w’, where w and w” are closed 1-forms. On the other hand, since
> wyAw;=0, wis also a closed 1-form. Hence $, u€ Flat o Flzl,

An immediate consequence of this theorem and (3.12.1) is that, if =,(M) is
abelian, then A is injective. As pointed out by W. S. Massey, this result is valid for
CW complexes with a finitely generated fundamental group and an arbitrary
coefficient field for cohomology. (See a footnote, [11].)

The exactness of the sequence at F2z! implies the following assertion, which
relates analysis of the manifold with the fundamental group:

COROLLARY. If F?r! is not contained in F*n' o F'm', then =(M) is not abelian.

4. Identification theorems.

4.1. Recall the algebras P and Q as defined in 2.2 and 2.3. If u € Sh (M), denote
by #' and u" respectively the images of u under the canonical surjections
Sh (M) — P and Sh (M) — Q.
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THE MAIN LEMMA. If ue T"(M), r>1, is such that {u, «)=0, Yo € F,G, then
WeFPoF ~Pandu’" e F'~1Q o F1Q.

The proof of this lemma will be given in 4.2. We now prepare for this purpose.
Let o, ag, . . .€ G. Define, for r>1,

[als ey ar] = [[ala vy ar-1]9 ar]’
For wy, w,, . . .€ M, define [w,]=w, and, for r>1,
Wi w] = [wye - w1 lwp—[wa- - wy]wy,

which extends to a linear map T"(M) — T"(M).
Define the pairing
T'(M)xKG ®---® KG (r times) - K

by Kwyr o w0 @40 Q o)) = Wy, e Wy, o).
If uyoy @-+-® o,0>=0, Vey, . . ., @, € G, then

ue > T M)MT (M)
1sisr

where M, is the subspace of exact 1-forms of M.
LEMMA. For ue T'(M),
<y fog, oo 0> = Kl oy @+ @ @),
Proof. Use inductiononr=1. Forr>1and u=w,- - -w,, it follows from 2.6 that

<u, [al’ cees 06,.]) = <w1' ccWrog, [ah cees o‘r—l]><wr’ o
—<W1, o> Was - - Wy, [O‘h vy o‘r-l]>

= <<[W1' . 'Wr], u ® ar>>°
COROLLARY. If ue T'(M) and if <u, [ay, . . ., &, ]>=0, Yy, . . ., a, € G, then

e D T M)MTI -{(M).
O0sSisr

4.2. LeMMA. If ue T'"Y(M)M,T"~4(M), 0<i<r, r22, then u' € F"~'P and
ueF Q.

Proof. Set u;=w,---w,_,(df)w,- - -w,_, with ¢,f=f(p)=0. Verify by induction
on i that u; € FF~*P, 1 Zi=r, as follows:
(fw)ws- - w,_y mod 1,
Wl'"(fw‘)"'Wr_l'—ul—"‘—u‘_l mOdI. Q.E.D.

LeMMA (R. REE). rwy« - -w,=[wy- - - w]+[wi - -wo_jlow,+ - +[wilowg - -w,.

U
U

A proof of the above lemma can be found in [17, p. 212].
Proof of the Main Lemma. According to Ree’s lemma,

u=r"u] mod F'~* Sh (M) o F'~1 Sh (M).
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Since [ey, . . ., o] € F,G, it follows from 4.1 that

Wle > T (MMI (M),
1Sisr

which implies [u]' € F*~'P < F"~1P o F'~1P. Hence the lemma is proved.
4.3. Let V, be a subspace of T"(M), and write
V="V+--+V+-.--< Sh(M).

We demand that the following conditions are satisfied:
(a) The canonical morphism Sh (M) — P restricted to V is injective.
(b) If V; is the image of V, in P, then
F'P =V ® M; @ F°P,
FP=V,@QWF PoF~'P)NFP, r>1,
where M{ denotes the image of My<Sh (M) in P.
If S(V) denotes the symmetric algebra of ¥, then the inclusion ¥'<Sh (M) gives

rise to a morphism of algebras S(V)— Sh (M). Let v and v" be the respective
composite morphism of algebras

S(V)—Sh(M)— P, S(V)—Sh(M)— Q.
Let the morphism of algebras »': S(¥) ® 4 — P be given by

4@ fr> (vu)(eAf+ L aV).

We shall regard V as a subspace of S(¥) @ A4 through the canonical embedding.

4.4. We make the following observation: Let x,, ..., x, be K-valued functions
on a set &, and let x(&) denote the image of a map & — K given by
§ = (x1(5), . . ., xi(5)). If x(©) contains an additive subgroup of K* whose elements
span the vector space K, then the functions x, . . ., x; are algebraically independent
over the field K.

LEMMA. If x,, ..., x; are linearly independent elements of V,, r2 1, then, as func-
tions on F,G, vx,, . .., vx, are algebraically independent over K.

Proof. It follows from 2.5 that, for any «, 8 € F,G, we have
vx(af) = vx(e) +vx(B)

and vx(a~!)= —wx(e). It remains to show that »x(F,G) contains a basis of K. The
case of r=1is clear. For r> 1, we suppose the contrary. Then there exists u € V,,
u#0, such that {u, «)=0, Ve € F,G. According to the Main Lemma,

u € (F""*Po F'""'P) N V.

Consequently ¥’ =0, which implies u=0. Q.E.D.
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4.5. Denote by x: 4 — P the linear map given by f+> (¢,f+df)’. Verify that y is
a morphism of algebras.

THEOREM. The canonical morphism of algebras P — P and Q — Q are isomor-
phisms.

Proof. Let #:S(V) ® A—P be the morphism of algebras given by
v @ fr>v oxf,VveV,fe A. Observe that ' has a factorization

S)QAL>P—>P.

We shall establish the isomorphisms

V'
SV)QAXP~P

by showing that 7’ is surjective and that ' is injective.
For the surjectiveness of #’, one needs only to show that the image D, of the
composite map

SVt +V) @ A—>S(V) @ AP

contains F'P. The case of r=1 is clear. For r>1, D, is a subalgebra of P and con-
tains both F"~1P and V; and therefore F'P.

In order to establish the injectiveness of v/, it suffices to show by induction on
r 20 that the composition

S+ +V) @A4A—>S(V) @4 Ls P

is injective, where S(V;+ - - - + ¥,)=K in the case of r=0. We first observe that v,
is precisely the composition

AXsp_,p

given by f+> e,f+ [, df and is therefore injective.
For r>0, there is a canonical isomorphism

S+ +V) Q@A SIV) Q(S(Vi+:--+V,_1) ® A)

so that any u € S(V1+---+V,) ® 4 can be written as a polynomial u=3,, #,x™
where x=(x,, ..., x;) are linearly independent elements of V,, x™=x™...x™, and
each coefficient u,, belongs to S(Vy+--- +V,_,) ® A.

According to 2.5, for any « € F,G and any path 8 from p,

<x’ aﬁ> = <x9 a>+<x’ B>'

On the other hand, each u,, is a linear combination of elements of the type /(y) ® f,
where fe A and h(y) is a polynomial in y=(y,, ..., y,) such that y,,..., y, are
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linearly independent elements of ¥;+ - - -+ ¥V, _;. Observe that, according to 2.5,
{y, oBf>={y, B> and that the value of the function v;(h(y) ® f) at o is

W<y BN eaf+ [ o)

which coincides with its value on B. It follows that the value of the function
v,_ iUy at of is identical with its value at B, which is here written as <u,, B)>. Let
gs(x) denote the polynomial >, <up, Bpx™. If viu=0, then vju evaluated at of is

gﬁ(<xs aﬂ>) = gB(<x, a>+<x’ B>) = 0’

Ve € F,G. Since v'xy, ..., v'x;, as functions on F,G, are algebraically independent
over K, we have

8(x+<{x,B>) =0

and therefore g4(x)=0. This means that the functions v;_,u, are identically zero.
Since, by the induction hypothesis, v; _, is injective, we have u,,=0 and hence u=0.

The above proof is also valid for the isomorphisms S(V)x Q= Q if we replace
A by K, P by Q and paths by loops. Q.E.D.

COROLLARY. S(V) @ AXP and S(V)x Q.

5. Functorial characterizations. Hereafter, K will denote an arbitrary ground
field. We shall use 4 to denote a K-algebra equipped with a derivation, which con-
sists of a K-algebra |4|, a |4|-module Q4 and a derivation d,: |4| — QA.

Denote by 5,: K— |A| the canonical morphism of K-algebras. We say that A
is augmented if there is given an augmentation e4: |4| — K.

Unless otherwise specified, the word “algebra’ will mean “ K-algebra equipped
with a derivation”. A morphism of algebras ¢: A — A’ consists of a morphism of
K-algebras |¢|: |4| — |A’| and a K-module morphism Q4: Q4 — QA’ satisfying
the conditions Q¢d,=d,.|$| and Qd(ax)=(|$|a)Q¢x, Va € |4|, x € QA.

5.1. DEFINITION. An algebra B is exact if the sequence

0-—>K1'£—>|B|—d—l—3—>QB-—>0
is exact.

If B is augmented, then the augmentation e splits the exact sequence, and there
is a K-module morphism

iz: QB — | B|

which splits the exact sequence in the same manner as e;. We shall call iy the
integration of the augmented exact algebra B.

An example of an augmented exact algebra B is the algebra of real valued C®
functions on the real line equipped with the usual differentiation to the module
QB of C* 1-forms on the real line. The augmentation e is the evaluation map at a
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point xo. The integration iz: QB — |B| is given by w > [, w and is therefore in
conformity with its usual meaning.

5.2. The construction of the algebras P and Q as described in 2.2 and 2.3 can be
carried out for an arbitrary augmented algebra A. Moreover P=P(A4) will be
equipped with a derivation and an augmentation. We describe briefly how this is
done:

Write M=QA and regard Sh (M) ® M as a Sh (M)-module such that u(v @ w)
=uov @ w, Yu,ve Sh(M) and we M. The linear map Sh (M) —Sh (M) M
given by 1 — 0 and vw — v ® w is then a derivation.

Define the ideal I of the shuffle K-algebra Sh (M) as in 2.2. The image of I under
this derivation is a submodule I* of Sh (M) ® M. Define the augmented algebra
P(A) such that |P(4)|=Sh (M)/I and QP(A)=Sh (M) ® M/I*. The derivation
and the augmentation of P(A4) are respectively induced by those of Sh (M).

Denote by |p|: Sh (M) — |P(4)| and Qp: Sh (M) ® M — QP(A) the canonical
morphisms. Define the morphism of augmented algebras y,: A — P(A) such that
|xala=|p|(caa+d,a) and Qy,w=Qp(1 @ w), Vae |4| and Yw € QA.

THEOREM. If B is an augmented exact algebra and if ¢: A — B is a morphism of
augmented algebras, then ¢ has a unique factorization

AX4, p(4)—> B.

We give a brief outline of a proof of the above theorem as given in [7].
Let iz: QB — | B| be the integration of B. If wi, wy, - - -€ QB, write [ wy=izw;

and, for r>1,
fwi . .w; = iB((fwi . .w;_l)w;).

Define ¢: P(4) — B such that, if u=w;- - -w, € Sh (M), then
81 ol = [(@pws)- (@),

Observe that, since dp 4, is surjective, Q4 is determined by |§|. Verify that § is the
unique morphism of augmented algebras such that ¢ =dy.

5.3. Define Q(4) to be the augmented quotient K-algebra of |P(A4)| over the
ideal generated by elements of the type |x4|a—7pwueaa, Ya € |4]. It turns out that
Q(4) can be also taken as a quotient Hopf algebra of the Hopf K-algebra Sh (M).
The canonical morphism of augmented K-algebras |P(4)| — Q(A4) is universal
with respect to morphisms of augmented K-algebras |P(4)| — C, for which the
composition |A4| X4ly |P(4)| — C is nce,.

5.4. In [9], we construct for the Hopf K-algebra Q(4) a derivation 8, which has
been motivated by calculus of variation. The kernel of the derivation & is a Hopf
subalgebra #1(A4) of Q(A4).
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In the case of A4 being the algebra of C* functions on the manifold M, we make
the identification Q= Q(A4). Then it can be shown that #}(4)<=#'(M, p). There is a
reasonably good possibility that 7*(4) ==1(M, p).

The work in [10] can be interpreted as a study of the algebraic aspect of the
algebra of iterated path integrals which are independent of paths.
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